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CONVERSION TABLE -
Conversion fa~ctors for U.S. Customary to metric (SI) units of measutre ment

MU 'fI~ I1- Y - TO G YI
TO'() GET 1 BY ~*--1II

a1:1gstriomi 1.000000 x IC -10 .noters (1ii)
a -tI 0125 IC-1 ki' pascal (kl'a)

bar 1.000000 x EC -1 2 kilo~ 1) al (klla)
1)-1it 1.000000 x IC -28 mecter- kII12)

Biiitidh thermial unit (t hermtoclicinical) 1.05430xE+ joule (J1)
calc-ric (tlieritoclteutical) 4140 ol 3

ICati (thecrtnoclteniicai) /C1i2  
4.840 x EC -2 Ilega jotiL"1tit (MJ/tn12)

curte 3.700000 x El I giga becqu ercl (G 11(l)
deic agi)1.745329 x F, -2 ra-a (rI

(icdgree Faretiheit (t +ý 459.67)/i1.8 degree kelvin (K•)
etectroji volt 1.00219 x E -19 joule (.1)
erg 1.000000 x 1C -7 Ijoule (J)

erg!~coii .1.000000 . IE-7 'vatt(W

feI3.048000 x h, - I i heter kill)
f~ot 1)01 ild !o)rce .55 joutle (J)

m~ (:US. liquid) I3.785412 xF .3 licter
3 

(in13 )

I2.540000 x IE -2 ine~er (ilt)

jewrk 1.0' 00000x 49jol J
i-JId/kil. grati (i /kg) (r Litlatot dose albsorbed) 1.000000 ra (o(l y.)

kitl tii 4.183 terajoutlei
k: ( 1000 lidf) 4.448222 x EC 3 1 newton (N
k; p, itch3 (ksi) IC G.915 xE.3 ki0 pascal (klla)
k p1.000000 x EC +2 tiewtoti* Su(Coid/iii3 (N zi~r.)

;utroi ICo00 (

2.540000 xI - .5 tetecr (1t))

.inI0 (ittteti~atiuttal) I1.00934 4 E 1C 3 mleter (itt)

O2l~ .834952 x2 E-2 .kilogram (kg)
p, tO:i force ( ý):s av,-ird tipois) I4.4-18222 I iewtoit (IN)
p ýtt:J If rce cich 1.129848 x E' -I newtott-iieter (.N iii)

1111I ft rce/liticl 1.751268 Ix 1 2 'Ieiwton/imietcr (IN/itt)
it.. for~c/ it-L 4.788026 I, -2 kilo pasc~i (kI'a)

I ftrccitn:2 
(i~i G-894757 Ikilo 1csca kIa

1) -1 ss(Wt ;vor1dtcs 4.535924 1%IC-till (kg)
I ;ias -i (hi.:ir~i4- ::ioitia) 4.214011 IE -2 kiligrati tinv-2ir '(kg In?

:;t (radiationi dose- :tla.'.rlet) 1 G.) 00 00 EC -2 'Gray (y)
r-ch 13Ct 2. 579IJ7 G0 IE -4 b,.I bitiukilngr'ia I)((:/kg)

.1 ",390 IC Ik:!;..giatit k
t Fr ;Oli:ti lljg. 0' C) 1.333220 1 1 kilo isc... 'P:l')

lc 1 t el~liII iý:L SI til., :.aciv y I litq - v I i -vt .-t/.
.e~;. ((y)~s;liS! ;':lit ,-f absrilet 7adit,iti-.!J:.
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SECTION 1

INTRODUCTION

This report is intended to address three questions that arise during siruil-
lation or hardware testing activities of communications links under Rayleigh fading
conditions: How many decorrelation tines per realization are necessary? How many
samples per ( correlation time are necessary? flow should interpolation be done be-
tween samples? These questions are answered in part in tire I)NA signal specification
for nuclear scintillation (Wittwer 1980) which requires a minimum of 100 decorrela-
tion times per realization and 10 samples per decorrelation time. However, experience
has shown that receiver performanice will show considerable statistical variation when
the minimum realization length is used. This is particularly true of links which have
large power rlargins and are susceptible to only th very deepest fades. Of course the
best way to answer these questions is to measure link performance with realizations ot
increasing length and resolution until the statistical variation in the results from one
realization to tie next is acceptable. Unfortunately, the luxury of doing this analysis
often does not exist.

The next higher level of analysis of these questions is to look at the statistics
of tihe realizations. 'Ti is is the approach that will be taken ini this report. Tlhe
first order statistics of the realizations are measured by calculating the clilurn lative

distribution of tine amplitudes and comparing this with the R.ayleigh distrihitioni.
Tie second order statistics of the realizations are measured by calculating the mean

duration and separatioin of fades an cI comparing these ru antities to enisemihble valltues

for Rayleigh fading.

In general, the received signal may be written as the coinvolutioni of the
chairmel irnplialse response function Ih(t, r) with the transuil tted signal s(t):

11 (t) / h(tr)s(t - r) d(

lin either software link simiilatiotns or it hardware chainnel simulators, ljiquatio ll 1.1
call be i iiplernenLtcd as a tapped delay linire:

( Z I) (t - J ).2)

S0



whleri( NI) is number et taps on the delay line: Ar is the delay spacing of the delay line;
h(t, jAr) is the time varying complex weight of the Ph tap; and s(t) is the input signal.

in a software simulation of link performance, time will also be discretely sampled (i.e.
t :--- -A t).

Under R{ayleigh fading conditions, h(t, T) is a complex, zero 1ureal, nornially
distributed random variable and thus ha.s a Rayleigh amplitude dist ribution. It then
follows from Equation 1.2 that u(t) is also a complex, zero nean, normally distrib uted
random variable with a llayleihi amplitude distribution.

A complete analysis of these issues would consider the sarimpling requirenments
for each delay of tie discrete inpulse response functionI h(kAt,jAT). llowever, thi is:
beyond the scope of this report. Therefore, saioplng recquir inits on the flat fadiyg
impllse response function hr(kAt), where

S-,, ,

3 0

will be addressed in tNis report. The sainpling requirermits for h((kA) will give son e

In(dication of the sarpling requirenients for the frequency ,;elective impi)lsi response
fAirlion It(kAt,jAT). I erhaps this shoild be stated another wmy: Sampling that is
inadeqquate for h(kAt) wili surely he inadequate for h(kAt,.IAr). Thus it is the intent
of this report. to define adequate samipling for h(kAt) and to inter adlequale sarmipling

requirerments for eaech delay of h(kAi.,jAr).

1-2



SECTION 2

TEM1'()RAL STATISTIC'S OF SCINTILLATION

T1'il-,it'Ct~ioii Is a re fe (4%tell known re-sults fromn jjl(' (iisialwrk of

S. () H he (14~~~~18, ~t1 I98 r i'I st and second order iaitsoVHvleg
fallinig.

2.1 FIRlST ORDERL . STATISTICS.

U Inder stronig scattterinig (onklit~iois, the electric Iit'ld iIncidIent oin thle pdlleii
of tie receiver is the sliiiiiiatioii of mianiy wave~s propa~gatinjg in dlightly di hleVreui di-

two ortliogonial coiipoteiits of the ('le:t~ric field moust then lie zero-mciani, niormially

d s1ýtri 1h1teti jrfl com variables. It is ~L5iil('(Im that the two orthiogona l (com1ponets arelS

al *o i iideiiendoelit. Thei Compl)ex ilarrovi-lband en velope (ii the de ri ield tindiergolitiog
R ayleighi fading miay be t hen represented as

L'( t) -X(t) ! iy(1) (2.1)

whure - and yj are, Hidoetndenit and niormially dist rihuted w'ith ,ero niiea n standahirdl
dheviationi o. Thie carrier frequency term, cxp(iwot), has hceii necglect ed Ini t his V.\.Ples-,

si.'[Innls 1"(t ) 1ma1) he thoughit of as lie outpit, voltalge of at downi-coiivuii er wileli'

XUt) is the iii-phi;'sv coii'poiieiit ;11ii1 y~j) is the (htildratiire-Iphiiis( comnponen't.

It. is eatsy to show 1hat. flthe pohabilit.)y denisity fliin[loii oif thei ampiilh uldi ol

2- 1)



where P0 is the mean power (P0 = (a 2 ) = 202 where the brackets () denote aii

ensemble average) The cumulative fistribution of the power 1), which is equal to the
probability that the power is less than oi equal to 1), is given by

F(P) f j(a)da - 1 - exp -I (2.1)

This well known function is plotted in Figure 2.1 versus the ratio P/P 0 . It can be seei
from the figure that the piobability of a 20 dl3 fade or deeper below the mean power
level is 10-2 and the probability of a 30 dB fade or deeper is 10-3. This is consequence
of the fact that for small values of P/Po, F(P) ;, P/Po.

101

•, 10-I

10 -2

Io-
-35 -30 -25 -20 -15 -10 -5 0 5 10

POWER LEVEL P/P. (dB)

Figure 2.1. Cumulative distribution of Rayleigh fading.
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2.2 SECOND ORDER STATISTICS.

The fading rate is determined by the second order s!atistics of the el.,ctric

field. The autocorrelation of the electri-. fiei' is, in general,

(E](t)IE (t -. r)) = (x(t)x(t t- r)) -i ((t)y(t -i T)) z;2o'2 p(r) (2.5J

Tlcre are two limiting forms for the au!ocorrelation function p(T). Ulider strongly dis-

turbed scattering conditions th t. occur at early times or at the -enter of tlie disturbed

region, p(7) has the Gaussian form

p() 2 K- (2.6)P (T ) -z: e XJ) 'I

where -0, the decorrelation time of the electric finid, is defined a~s the e folding point

of the autocorrelation function (p(ro) = e-1). The corresponding l)oppler spectrumr

of the temporal fluctuations is

S(f)- exp(--iwT)p(T)dT -/'•exp [- ' (2.7)

which also has the Gaussial, form. Under less highly disturbed, but s;till Rayleigh'

fading conditions, the autocorrelation function is usually assumi ed to have the forim

(r) -. B , 1- e p [.... (2.8)
. o J [ oroJ

where the parammitcr c((x - 2.146193) is determined by the (o, litiorn 1 hit p,(,,) - c

The corresponding 1)oppler sJ)ectruirr has the forri cormoiwl;. rejcrred to as an f I

spc(:truiii:

s (2.9)

A, comprlarison of r-alMutalir,,- of the impuls(e rc(ýpu,,,. fulnctioln w 1h (;aus-

s.ian and f " l)oppler spectrums are shown in Figure "2 wvi ( r l1e sigiia poweir in d

2- 3
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is ;rlota d verstis irnoralized tiie/rC . These realizations have been generated using
stti.-tit cal techrini(ie. described i Appendix II. loth realizations were geierated fron i

the satie set of rando(n numO i bers so there is a strong correlation it the featurcs seen
iI the two realizations. Also, both realizations have unity litear power. Tire f ' rc-
alhzation has a more spiky appearance due to having more energy at hieher o)uppler

frequercies. Th'e two signals have similar low frequency behiivior aniId the fades of the
two signals follmo each other quite closel). The difference iII th. t o sign als is tihe I high

frequency j itter of the f ' ,,ignal about the more smoothly vary'iig Gaussian signal.

Tlle .signiticanice of this on the temporal statistics of the fardeb wviI! become apparent

lt er.

2.3 TEMPORAL STATISTICS OF RAYLEI(Ah FADING.

"Tlie llreall (urt;,tion arid separation of fades below an arbitrary t)owcr level
P md funiil of iiart'v, . -, . at, (.(tl tt t, ,i : iti. fr'i cil;cr , ', of

crossings of the level 1' in the time interval 7"F.

The prolbability thit tie aijiplitude a will cross tihe level P ,,/1' iII the tirni
icirteval I to t i rit Aiih a positive derivative is equal to the pr)bability that a' > 0
cmt that f a'd1 -- a i . This proh)bability is given by

daj, j u f(a, a') . d(i da' (f(f, a')

"where f(a, a') is t ha' join l tIrobabhilit y (density function of thIe aniijplitrIldc a aord its tuine

der ivativc ( d, (Iidt(I. The probability that. a will cross the l fvel ] it the tuneinterval
t to t I (it with a derivative of either sign is then

(IIt IJ 'if (C, a')da'

For .tatlitnrar proyc[,rsscs, I ' it, l iuriber of level crossitigs of P iti tire interval l to

7•T thlei' becollrs

IN, 1 ( T ), 7') f 1," Ia',f g,az')da' (2.10))

"Tlie Jriri , prol;hthility dVe ,iIis f•n•ictimr of Ith allirlitlr•id ,•rr its, tt1ire dc( iva-

tive. is (lPic 1Th•, I); 9ra 182)

2-5m



f(a,a') = 2a exp a j (0 ) p ( r-j (2.11

(0 < a < oo, -o < a' < co)

This probability density function is derived in Appendix A. It can be seen from the
form of Equation 2.11 that the probability density function of a is Rayleigh; that the
probability density function of a' is normal with zero mean and with A2IPo/rg variance;
and that a and a' are independent. The functional form of f(a, a') is the same for
either of the limiting forms of the Doppler spectrum. Tile only difference is the value
of the parameter A which depends on the functional form of the Doppler spectrum
(A 1 for the Gaussian spectrum and A= 1.518 for the f- 4 spectrum).

The mean number of level crossings can now be easily evaluated with the
result

(N(N ,( ')) = A (1, V 81 xp [1P (2.12)

The effect of the different Doppler spectrums is to scale the rnean number of level
crossings by the quantity A. Recall Lhat this fact was shown qualitatively by corn-
paring the two random realizations in Figure 2. By noting that two level crossings
are required to define the beginning and thie end of a fade below P), the mean rate of
fades ,elow the level !P is (N(t', ro))/2ro.

Figure 2.3 shows plots of the mean number of crossings of P in one deco7re-
lation time versus the ratio PJ/I, for the two limiting forms of the Doppler spectrum.
The maximum value of (N(P, To)) occurs at P/Po = 1/2 or -3 d13. As a point of corn-
parison, the median level M of the Rayleigh distribution is M = t'oftn(2) or 1.6 dH
below the mean power.

The nican separation ('Ii.(Il)) of lades below P is obtained froil, the lIneall

number of fades per unit time /3 = ((I), r0))/i2ro. For any long time interval T", the
mean numnber of fades is 1'i and the mean separation is just T/fj'1 or !/,3. "l'Thus the
imnear separatiomn of fadis below P is

2-6



1 0

9 -f 4

Doppler

0 7

.6

~.5
6 Gauasian

S4 Doppler
Spe -'rum

3

Cr-I
cQ 27

0~~ ........
-35 -30 -25 -20 -15 -10 -5 0 5 10

POWER LEVEL P/Po (dB)

Figure 2.3. Mean number of level crossings per r0 .

The mean separation of a fade below P is equal to the average time between crossings
of P with either a negative value of a' (which defines the start of the fade) or with
positive value of a' (which defines the end of the fade). Thus the mean separation of
fades below P is also equal to the mean separation of flares above P.

The mean duration (TFADE(P)) of fades below P is obtained as follows.
During a long trne interval T, the total time that the power will be b 'low P is F(P)T
where F(P) is the cumulative distribution given in Equation 2.4. The mean duration
is then the sum of all durations F(P)T divided by the number of fad'- PT. The result
is

(TFADE(P)) _. 1 rex r P2.14
TO ~ 2? P ex [11l0 2.4

The mean duration (TFLARE(P)) of a flare above P is the mean time t-at
the power stays above P. Using the arguments given above, the mean separation of
a fade or a flare is equal to the mean time that the signal is above P plus the mean

2-7



time that it is below P (TFADE(P)) + (TFLARE(P)) = (Ts(P)). The mean duration
of a flare is then

(TFLARE(P)) _ 1 7r Po2.5
rO A 2? (

The mean duration and separation of fades and flares are shown in Figure 2.4
for a Gaussian Doppler spectrum. For the f-' Dopplei spectrum, all three curves iI
Figure 2.4 scale by 1/A 0.6589.

' FSeparation

o of Flares

0 o-Duration

-. of Fades

-35 -30 -25 -20 -15 -10 -5 0 5 10

pOWER LEVEL P/P0 (dB)

Figure 2.4. Mean duration and separation of fades and flares.
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SECTION 3

SAMPLED RAYL`tIGII FADING

Tie requirements on tIhe samrpling of Rayleigh fading arc given in the I)NA
signal specification for nuclear scintillation (Wittwer 1980) which requires a Iiniriiuri]

of 100 decorrclation times per realization and 10 samples per deccrrelation time. The
questions that arise from this requi'eirtent can be summarized as: How close are
such realizations to Rayleigh fading': To address this question, random realizations
of Rayleigh fading will be generate,]; moments of the amplitude, cumulative distri-
bution, and mean fade duration will be measured; and these measured values will
be compared with their ensemble values. Of course, because of the finite number of
samples in each realization, each of these measurements is, in fact, a random variable
with soirre mean and standard deviation. The variations in these ineasurements frori
realization to realization are rn,-asurcd by generating a iarge number (1024 to be ex-
act) of realizations and computing the mean and standard deviation. A method of
generating such realizationis F, outlined in Appendix 13.

The objectives of this section are to present the means and stAndard de-
viations of such measurements, and to attempt to answer the above question based
or: these results. The effects of interpolation between realization samnpjies, and the
effects of using longer realizations (more decorrelation tinres per realization) will also
lIe exallillet.

3.1 MEASUREDI) STATISTICS OF 100 To REALIZATIONS.

Realizations ,generated with NV=1024 timne samples and N, - 10 sam ples

per decorrelation irme wiil serve as a baseline calculation. These realizations are also
sarmipiled at "to/I{) itle intervals.

One crttel ion for dec]iding that a realization has Rayleigh airiplituide stlatis-
tics is that the rriorlrernts of the airiplitude .Iould agree with Iayleigh value;s. ri'lsenlileh
valruws for the !ilolnitvis of the arrrplitude are easily olt.aineud fromn l];quation 2.3 and

are:
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(a I -

(a 2 ) - P03)• = 3 7ro -

( ) 0 (3.1)

(a 4 ) _:2 P'

The ,.cintillation index S4 is the standard deviation of the power:

(a0) - (a2)2  (.2)

It is necessary, but not sufficient, that S4 equal unity for Rayleigh fading. The scin-
tillation index is a good measure of the statistics of flares but net of fades. Another
statistic that is sensitive to the distribution of fades is the mean log amplitude ):

S:-- n a) = n : Pv -- y/2 (3.3)

where -y is Euler's constant (y - 0.5772157--.')

The measured mean and standard deviation of the amplitude moments, S4,

and • are presented in Table 3.1. The measured values of a single ru-'ization should
equal the ensemble value plus or minus ( ,' or two standard deviations. It can be
seen- from the table that the ax erage values of the moments are close to the ensert)le
values but that the standard deviations of the higher moments and x can be as large

as 25 percent.

Perhaps a better criterion for the first order statistics is close agreement

between the Rayleigh cumulative distribution and the measured cumulative distri-
bution. The measured cumulative (distribution (dots plus or minus one-sigma error
bars) is plotted in Figure 3.1 along with the en:-emnble curve (Eiqn. 2.4). A level ..' 0
dBl corresponds to the mean power P0. It can been seen from the figure that 100 To
realizations do indeed have, on the average, a Rayleigh distribution of fades down to

at least 30 d13. It is clear, however, that the possiule deviation from Rayleigh fading
or a single realization bec, s larger as "ne examines deeper fades.
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Table 3.1. Amplitude moments of 100 r0 realizations.

[moment [Ensemule Value Average* Standard Deviation"

(a) \irTo/2 1.003 0.057

(au) PO 1.005 0.112

(3 ) 3 r 0 /4 .070.172

(a4) 2PO 1.009 0.243

I _ _ _
I 4 1.0 (U.983 O.U8

x-1/2 i0.9910.2

* Normaliz.ed to the ensemble values.

The fidelity of the realizations in reproducing the second order statistics of
the fading will be investigated by considering the mean fade duration and separation.
The rnean fade duration is a good statistic to examine for communications applications
because errors often occur in bursts during deep fades. If the fades, on the average,
are too long or too short, the error bursts will not have the proper durations and the
resulting receiver performance may be misleading. Fade duration measurements and
the ensemble curve for a Gaussian D)oppler spectrum are shown in Figure 3.2- Because
the realizations are generated with 10 samnples per decorrelation time, the mninimuni
fade duration is T0/10. The measurements reproduce ensemble values for fades down
to about 20 d13. Below this level, the average of the measurements is limited to a value
of about 0/10. The measured value for 30 dB fades is less than To/ 10 because soiuie
100 -0 realizations do nuot have 30 (11 fades. The efrect of these realizations on the
mieasurements is to re(duce the average values. The nicasured an(l enscmble mean fade
separation are shown in Figure 3.3. It is likely that 100 T0 realizations will not have
two fades below the 25 or 30 d(1 Ievcwl so a fade separation meCasuremIent call 1ot be
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Figure 3.1. Cumulative distribution of 100 -FO realizations.
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Figure 3.2. Mlean fade duration of 100 7 0 realizations.
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Figure 3.3. Mean fade separation of 100 r0 realizations.

made. Thus the error bars at these levels are large and the measured separation for

30 dI3 fades is low by a factor of almost 10.

For 'ades less than 20 dB or so, the 100 ro realizations reproduce the ensem-
ble values for fade probability, tade duration and fade separation. If deeper fades are

of concern, however, then 100 10 realizations sampled at 70/10 may not be adequate

for producing accurate error rate predictions. Two possible alternatives are discussed

below: interpolation and longer realizations.

3.2 EFFECTS OF INTERPOLATION AND LONGER

REALIZATIONS.

Although the realizations of the impulse response function are usually gen-

crated with samples spaced at ro/10, the sampling period of the simulated or tested
receiver can be much smaller than To/10. There are at least three approaches to tbis

problem. One appioach is to sample the impulse response function at a rate equal to
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the sample rate of the receiver. However, if the sample period is much smaller than r0,
this results in very large realizations if each realization must have 100 decorrelation
times. Another approach is to hold the impulse response function constant during
the period To/10, and change it abruptly at the end of the period to the next value
of the impulse response function. This is, in fact, t0f approach used to measure the
temporal statistics of the realizations, and in principle, this procedure is acceptable
because T0/10 sampling should result in small changes from one value of the impulse
response function to the next. A third approach is to interpolate between values ot
the impulse response function. Simple linear interpolation will be considered here.

Figure 3.4 shows the mean fade duration measured from exactly the same
realizations used to generate the results of the previous section. However, here the
realizations are sampled with a period of TO/40 using linear interpolation between the
TO/l0 values. During the To/40 period, the impulse response function is held constant.
The feature to note in Figure 3.4 is that the measured mean fade durations now lie
on top of the theoretical curve for fades down to 30 dB. Of course, if the mean fade

1 0 2 E2 . ' . . . . i * r ' i . . . . i . . . . I . .

Gausaijn PSI)
N = 1024

No -- 10

LINEAR :NTERPOLATiON
S<t, =: 0 /40

10

S100--

-21

-35 -30 -2) -20 -i 1 -: -5 0 10

LEAVIWI (dll)

Figure 3.4. Mean fade duration of 100 r0 realizations with interpolation.
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duration of 35 dB fades had been measured it would be equai to about 7(i/40 and would
lie above the theoretical curve. Because the variations in the mean fade durationl froim
realization to realization are determined by the number of decorrelation times in the
realizations rather than the sampling period, the variations around the mnean values
are about the same size as measured without interpolation.

Finally, the cumulative distribution, mean fade duration, and mneani fade
separation of 400 To realizations generated with 10 samples per ro (N = 4096, N0

= 10) and sampled at ro/40 using linear interpolation are shown in Figures 3.5, 3.6,
and 3.7. Here the variations around the mean values are smail compared to variations
oi 100 70 realizations. Also, the mean separation of 30 d13 fades for 400 r0 realizations
is close to the theoreticai value indicating that most 400 -0 realizations have at least
two fades of this depth.

3.3 SUMMARY.

It is clear that 100 To realizations do not accurately reproduce the duration or
separation or fades below about 20 (il. Linear interpolation can be used to accurately
reproduce the duration of 20 to 30 dIt fades in 100 70 realizations but it takes 400 7-o

realizations to accurately reproduce the mean separation of 30( dill fades. It. is also
clear that 10 samples per decorrelation time is sufficient, at least for 30 dM or less
fades, as long as interpolation is used between realization points.

In suzilmmary, the adequacy of a realization depends on the depth of fades that
are of interest. Realizations that are 100 To long accurately reproduce the duration
and separation of fades which are less than about 20 d(. If deeper fades are of intcrest,
then the realizations should be longer and interpolation should be used.
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Figure 3.5. Cuin'flative distribution of 400 -0 realizations with
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APPENDIX A

JOINT PROBABILITY DENSITY FUNCTION f (a, a')

TIhe purpose of this appendix is to derive the joint probability density fuoic-
tionl of the Rayleigh amplitude a and its time derivative a' da/dt. This functionl is
required to calculate the temporal statistics of Rayleigh fading. A slightly differcent
form of this derivation was first publishicd by Rice (1948).

The starting point for this calculation is the determination of the Joiiit prob-
ab~ility density funictioni of the iin-phia.se and quadrature components x and y of the
complex envelope of the electric field, It is assumed that x. and y are inidependenlt,
arid], by the central limit theorem, that they are normally distributed. Thus the jolint
probabL1ility denisity funiction of x and y is

f (X W -y) ,I 1 z2 i2 1 (A. 1)

Now, tlim probabil ity Joilt (lelisity funiction of the time derivatives x.' =dx/.dt anid
y'(-iy/dct mu ist Ibe c alciilatcd. It willI be shiowni that x anrid x' are in depen dent, as

are y mnd y' . It will 1w asso rued thiat. x, T' , y, aiid y' are Joinitly indlepend~ent. Thus
the Joim itprobail) i ty density function of x' anid y' is all tirat is nceded in addlition fto
Lq uationr A. 1 to write down the joinit probability denr ity fm ictiori f (x, x', y.y'). Onice
thiis fur tc tionl hias b~eeni obtained, a simple chanige of variablesý fromi X , , Y, anld Y' to (
aimi aL' wvill vield thre (desire(] funictioni.

IrII order to cleter-ini ne tile (1istribo tioli of x' (or y' ), consider the ranidorm
fun ut imn T(f) writteni as. it Fourier stoclnt-stic. i ntegral

'Fhi qyranti.ty Z(,)) Is at raiicloili funlctionl inl tie, I)oppler dlomitiai. It is useful to assumne

thiat z(w) is at zca,o-mciie, nrormrally distributed ranidomirocess alt-hough this Is riol.
iiccssidry because the cenitril limlit theorem will mrake x(t) iiormaelly (histrilhrited for
aliniost anyý reatsoriahe (listrIh)Iitioii of ().Ilowever, with tire iiormnial asstirnptiori for
z('.c), X(t) is the surmir of uriaurY un leperideit, niormually (list ributec raitidomn variabldes,
arid Is nece(ssarily ai zero-mrican, iiormiailly dhistribulted random Va~riable.
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Before continuing, it is interesting to show the relationship) between the ran-
dorn spectral comrponients z(w) and the Doppler spectrum S(w). T1he autocorrelation
funictionl of the~ stationary p~rocess --(t) mnay be written as

P(t2 - ii)- (X(tI)X(t 2 )) (A. .3)
C2

j= dw , J c dW2 (Z(W 1)z(W 2 )) e pi 1 1 -i 2 2

o2 _o -2 7r or 2  epWt '~2

H owever, the correlation funiction p(r) may also be writteni in terms of S(W):

p~)S(ý) eXp)(lW) 61(A.4)

*OLC tihat, Iii ge~ii(Ja: Sfý/ Hi l1u.> bt ani uv:,jIui 'i cticni it the au tocorrel ation fu e iconl

P(T) is real. InI order to ensure that the integral in E'quation A.3 is only a function of

thue diff[erence -T-ý tl -- t2 , tile integrandi must contain a factor 2-,r6 (w, - wI2 ) - Usinlg theU

D~irac delta function to collapse tile double integral in Equation A.3 and comnparing

the result wvith Equation A .4 gives

(z (w )z ('2 :z 2Tcr 2 Yij - wJ2 ) S(ýJl) .(

Tiis eq iat in i also (1Cm riist rates that the ran(1oili Dop pler spectral coin pozien ts of
zKý.) are uiicoruelated, xý liii is a coiisequence of the assuniptioni that the randomi
J)loccxS F(() is slat ionary.

'I'le till](, derivattive of' x(t) Is giveni by) difFerenitating Equation A.2, withi a
silinll-ir expressionlihold ;iig for y':

IIc((aliSc ;:)Is Iior di;(istribuited \ ihi z~ero) imean, 2'() ill also he iiormailly
dist rihut ed wilth zer, mlean. TJhe variance of T'(t) is
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021 dw2S()) (A.7)

• -(12pr
dr 2

hi general, the variance of x'(t) may be written as

(:r: (t; X(t)' - r2C (A.8)

w hie re
1.0 (Gaussian Doppler Spectrum)

A _ (A.9)
a/v2 1.5176 (f 4 Doppler Spectrum)

Mid where tire pararreter a Is defined in Equation 2.8. The cross correlation of x'(t)
and~ X(1) isi

k(i )•dj (z(wl)z,(, 2)) exp[i(' -c 2)tj

2 00dwo . ( 10)

Equat ions A.2 and A.5 and the fact that S(w)) is an even function hlive been used
in reducing Equatins A.7 and A.10. Because x(t) and x'(t) arc uncorrelated and
iiorrridlly distributed, thcy arc ak,, independent. Identical results hold for the variance
of y' anrd the cro,,s correlation of y and y'.

The joint p robability density furn,.tion of x, i', y, and y' may now be written
downl:

"T() TO (A . I 1I
J(•-,::- ,,,' ) C ' ý--- X- ' 2o - ;i7,- :2 eý2)•A

This friic:tiolni may be transforlmr to tie desired function of a and a' by making the
Chanige of vwriables
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x = acosO (A.12)

y = asiuO

The time derivatives of, x and y are

x = a'cos0 - aO'sin0 (A.13)

't a'sin0 i aO'cosO

which gives the usual polar coordinate equations

x2 -'2y2 = a 2  (A. 14)

X 2 -I- y 7 -2#-' ' = a' + a0'

The probability density function coordinate transformation i.-i

f (x:, x', V, y')dxdx'dydy' f (a, a', 0, 0') Idet(J)idada'dOdO' (A. 15)

where the determinate of the Jacobian of the transformation is

0_x dx' ay oJi
0a da d a Oa
Ox Ox' 0y dy'

det(J) - det Oa' da' da' da' (A.1G)
ax d' Xay a y

Ox Ox' ay dy'do,0 O0 0 0 1 o,
00' 00' JO' JO'

cos0 -O'sin0 siino 0'co030

0 cos0 0 si0i0
det

-asin0 --a'sin O - aO'cos O a cos O a'cos0 -- aC'sinr0

o -a';in 0 0 a Cos 0

- a2
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The joint probability density function of a and a' is obtained by integrating over 0
and 0':

f (a,a') == K dO 'f(a,a',O,') , (A. 17)

with the result

f(aa) = /____0 'o__
a a 2•A p (A.18)

Thus it is apparent from this equation that the probability density function of a is
Rayleigh; that the probability density function of a' is normal with zero mean and
variance of 2A.0 2 /1~; and that a and a' are independent because their joint probability
density function is separable into a function of a times a function of a'.
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APPENDIX B

REALIZATIONS OF RAYLEIGH FADING

Thelie rlthodls of genierating random realizations of the impulse response f'unc-
tion for Rayleigh fading channels are discussed in detail flsewhere (Knepp 1982 or
Dania 1986) and are only briefly reviewe-d in this appendix. The starting point of
the method of generating a -ealization of flat Rayleigh fading is the Doppler Power
Spectral Density (PSI)) function, S(w). This function has two commonly used forms
which were discussed in Section 2:

(w) -- r~oexp I (Gaussian PSI)) (13.1)

ailol

whe're a• 2.146193 ini the f-4 form of the PSD. The quantity S(wv)dw/i2r is the mean
fract i(,n of power in tihe IDotpper frequency interval ,w/2ir to (w , dw) /27r.

TPhe dliscrete realizations of the channel impulse response function will coii-

taiii ,\ time samples with A0 saiiples per decorrelation time. Thius the time Sp~ac iug

of the disc rete sarnples is

At 4T 19.). D (13.2)

No

aiW the total time diration of the realization is NAt. In the D)oplplr freqi v.it1c.

(lofiiaiii, the spacing or the discrrte saamplles is
Not

27,

IN' At

>Nolo that the (itlaitity AwAt, which will appear later in c tFourier tralls )rni, ib equal

to 2r,/N.
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The samples in the frequency domain are generated by first calculating the

fraction of signal power in each l)oppler frequency bin, S =- S(jAw) Ai/27r. lor the

Gaussian PSI),

S . . - e .. -j 13 --N/2,.. .,N/2 -- 1) (13.5)

and for the f- 4 PSI),

,52 ... .. 1 t(3-= -N12,. N12 -- 1) (16
aN L aN 2 I

Next, the random Doppler frequency spectrum ]Ii(jAAw) of the impulse response fuic-

tion is generated:

27r- ,II(jAw) = E/j-(B.7)-

The leading factor 27r/Aw has been included so that the discrete Fourier transform
of It(jAw) Will be (diiVeInsiOnCless. The random components of the spectrum, •, are

complex, normally disturbed randorn variables with the properties:

( k) , (l0.s)

wvhere the quanuiLity 6 j,k is tIe Kronucker delta sy.mibol. The randoiim sa•piles of I lay

be generated us in ,

17(U j e / '4 ,. )<,× 7,(• 1,j) Il.<•

wvhere Itl)i.lad ut2 . are ilndepeildc t random variabcles uniiformnly distributed oni tihe,

interval 'o,1 ).

1ijinally, the randoi i)oppIcr spectrum i of the chiainel iipulse re:- :-one fuinc-

tlioVn is 'ouiricr tranisformi ied to liet time dornimtin. II conti1UOUS iotatiOll, ii.s Fou rier
transform is
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h(t) H( II( exp(iwt)d~- (B. 10)
. -_,:',927"r

and in discrete notation

N/2.-1h(kAt) 2q lj~)e~l("w(~ ~A

j= -NJ2

N12- I

:E ,•jjexp[i27r3"k/NJ
j=-N12

wherek=0,l,--.,N- 1.
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2CYS ATTN. YN ATMOSPHERIC AND ENVIRONMENTAL RESEARCH INC

AIR UNIVERSITY L.IBRARY ATTN. M KO

ATTN AUL.[ISE AUSTIN RESEARCH ASSOCIATES

HQ AWS. OFT 3 (CSTC/WF) ATTN. J THOMPSON

ATTN. WE. AU1OMI TRIG INCORPORATED

SECRET1ARY OF Al'/AQQS ATTN. C LUCAS

RESEARCH. DEVELOPMENT & ACQ 8DM INT ERNATIONAL INC
ATTNI AF/RDQI ATTN LJACOBS

SPACE. IIVISION/YG BERKELE.Y RSCH ASSOCIATES. INC
ATTN B~iEHN ATTN JWORKMVAN

WE~xIONS I ABORAI ORY ATTN S BRtCHT

ATTN NTCABOE ING CO
ATTNN1NATTN U HAil

ATTN SUL

DEPATMET O ENRGYCALIFORNIA RESE ARCH & TE CHNOLOGY. INC
DEPATMET O ENRGYATTN: M ROSE-NF3[LAIT

EG-&G. I.Nc CHARLEIS STARK DRAPE R LAH. INC
ATTN I)WRIGHT ATTN A TI T!.WSKI

LOS ;.. AMOS NATIONAL !.AL3RAIORY COM1MUNICAT IONS SAT[ I LITE CORI'
AT TN I) SAPPE NE EU)L ATTIN G HYIT
AlT1N. OWINSKL

COPNEI I IJNIVL RSIT Y
SAN[DIA NA] IONAI !.Af3ORATORIE.S ATTN [ITA(I EY JR

ATTN. I)IARTLEY AllTN M Kht.I Y

Dist-2
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[OS 1 TECHNOl OGIES. INC MEOR 1 COMMUNICATIONS CORP

AllN. ROARHARD AlTN PtIEAITER
ATlTN: W VE!.t.R MISSION RESI ARCH CORP

GENERALI ELECTRIC CO ATTN RARMSTRONG

ATiN. C/IEARDI ATTN WWHITL

GRUMMAN At ROSPAC CCORP MISSION RESEARCH CORP

ATTN JDIG. IO ATTN BRMILNER
ATTN D ARCHER

HSS. INC ATTN DKNEPP

AIIN. DHANSEN ATTN DIANDMAN
ATTN I FAJEN

INSTI1UT[ FOR DEFENSEANALYSES ATTN f GUIGIIANO

ATTN EHAUIER ATTN GMCCARTOR
ATTN. IlWOLFHARD ATTN KCOSNER

ATTN MFIRESTONE

JSILLASSOTIAT ESINC" ATTN RBIGONI

ATTN. t)RJELE ATTN RBOGUSCH

JAYC)R 22CYS ATTN RDANA
ATANC JSPER.IN ATTN R IIENDRICK

ATTN SGUIISCHE

JOHNS HOPKINS UNIVERSI IIY ATTN TCH INFO CENTER

ATTN: CMENG AllN. IECH LIBRARY

AT TN I-) PHIlLIPS
ATTN RSTOKE.S MIIRECORPORATION
AIN I EVANS AT. N: D RAMPION. PH D

KAMAN SCINC(' . CORP MITRE CORPORATION

ATTN. ECONRAD ATTN. M HORROCKS

ATTN GDITIB-RNER ATTN RCPESCI
ATTN W FOST E,.

KAMAN SCIENCES CORPORATION
ATTN BGAMBItL ,LT HWEST RESEARCH ASSOC. INC

ATTN DASIAC AITN. EF-REMOUW

ATTN RRUTIIERFORD PACIFIC SIERRA RESEARCH CORP

KAMAN SCIENC-S CORPORATION ATIN E FIELD JP

ATTN DASIAC ATTN F THOMAS
ATTN. H BRODE

LOCKHIED MISSILES & SPACE CO. INCT R

ATTN J HENLEY PtOIOMETRICS. INC

ATTN J KJMER ATTN ILKOFSKY

ATTN: RSSEARS PHYSICAL RESEARCH INC

LOCKH, E D MISSILE-S & SPACE CO. INC ATTN. W SHIH

ATTN OKREJCI PHYSICAL RESEARCH INC

LIV AEROSPACI & DLI ENSE COMPANY ATT N H FITZ

2 CYS ATTN. LIBRARY ATTN PLUNN

M I -I INCOL N lAb PHYSICAL. RESEARCH. INC

ATTN DTOW[- ATTN R DELIBFRIS

!*TN IKUPI-C ATTN: I STEPHENS

MAI 1liN MARIE 1TA DENVER AIROSPACE PHYSICAl RESEARCH. INC

AITN H VONSIROV i11l ATTN J DEVORE
ATTN J THOMPSON

MCDONNt IL t)OLJGI AS CORPORATION ATTN. W SCHLUETER

ATTN JGROSSMAN R&LASSOCIATES

MtlAIICIIC(ORI'RAIION AlTN: CGREIfINGER

AIITN PSCHALI:FR ATTN FGhMMORE

AT TN W RA.ASKY ATTN: G HOYT
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DNA-TR-89-5 (DL CONTINUED)

ATlN _ OE RAA[J
ATTN: MGANTSWEG

RAND CORP
ATTN C CRAIN
ATTN. EBEDROZIAN

RAND CORP
ATTN B BLNNETI

RJO ENIERPRISLS/POFT1 AC.
ATTN A ALEXANDER
ATTN. W BURNS

SCIENCE APPUCATIONS INTL CORP
ATTN C SMITH
ATTN DHAMIIN
AlIN DSACHS
ATTN t STRAKER
ATTN. L LINSON

SCIENCE APPLICAT IONS INTL CORP
ATTN D1ELAGE
ATTN. M CROSS

SRI INTERNATIONAL
?TTN W CHESNUT
ATTN: W JAYE

STEWART RADIANCE LABORATORY
ATTN R HUPPI

TELECOMMUNICATION SCIENCE ASSOCIAl ES
AlTN: R BUCKNER

TELECOMMUNICATION SCIENCE ASSOCIATES. INC
AT,'N. D MIDDLESTEAD

TELEDYNE BROWN ENGINEERING
AT N: J WOLESBERGER, JR

TOYON RESEARCH Ct-RP'
ATTN: J ISE

TRW INC
ATIN RPIEBUCIl
ATTN. H CULVER

TRW SPACE & DEFENSE SYSTEMS
ATTN. D M LAYTON

UTAH STATE UNIVERSITY
ATTN: K BAKER
ATTN. L JENSEN

VISIDYNE, INC
ATTN JCARPENTER
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